I. INTRODUCTION
Let G be a group and suppose that GЈ is of prime order. If x g G and ² :
Ž² :. ²w x: x U G then for each g g G y N x we have GЈ s x, g F G ² g : ² g : Ž x, x , whence x, x eG. We shall call a group G a J-group G g J for ᎏ .
² : ² g : short if each x g G satisfies either x eG or x, x eG for all g g G J-groups. These groups may be considered as a generalization of Hamiltonian groups. As we have just seen, they include groups with a commutator subgroup of prime order. But this condition is not necessary. For example, the Tarski Monsters, which are infinite simple groups with all proper subgroups of a fixed prime order, are J-groups and, in the finite domain, Ž . SL 2, 3 is a J-group with the commutator subgroup quaternion of order 8. We shall see that J-groups are either close to commutativity, in some Ž . sense, or they involve generalized Tarski Monsters.
It is clear that the J-property is inherited by subgroups and quotient groups. Some examples of finite non-abelian J-groups are the p-groups of order p 3 for any prime p, the quaternion group of order 16, the Frobenius groups of order pq with p, q being primes, and the above mentioned Ž . SL 2, 3 . It is surprising that for the finitely generated infinite non-abelian solvable groups and for the finitely generated infinite non-abelian locally graded groups, we have: G g J if and only if GЈ is of prime order Ž . Theorem 24 and Corollary 26 . On the other hand, an infinite simple group G is a J-group if and only if all its proper subgroups are abelian Ž . Ž Theorem 32 . A similar result holds for infinite perfect groups Theorem .
.
In Section II we investigate finite J-groups. We prove in Theorem 1 that such groups are always solvable and in Theorem 6 we characterize the non-nilpotent finite J-groups G modulo their hypercenter, which by Ž . Proposition 11 equals Z G . The main problem in the finite case remains 3 the structure of finite p-groups belonging to J. These groups are investigated in Section III. It is shown that if G g J is a non-abelian finite Ž . Ž . Ž . p-group, then cl G F 3 and dl G s 2 Proposition 10 . This result is the best possible, as witnessed by the quaternion group of order 16. If p ) 2, Ž . < < 2 Ž . then exp GЈ s p and GЈ F p , and if p s 2 then exp GЈ F 4 and < X < 6 Ž . Ž . Ž G F 2 Theorem 13 and Corollary 22 . If p ) 3, then cl G s 2 Theo-. Ž . rem 14 . Moreover, if p s 3 and cl G s 3, then G is almost completely Ž . determined Theorem 23 . Since by Proposition 10 finite nilpotent J-groups Ž . satisfy dl G F 2, it can be shown, using Theorem 6, that if G is an Ž . Ž . arbitrary finite J-group then dl G F 3 Proposition 11 . This result is the Ž . best possible, as witnessed by SL 2, 3 .
Section IV is devoted to solvable infinite J-groups. First we prove that if G is a finitely generated infinite non-abelian group, then G is a solvable Ž . J-group if and only if GЈ is of prime order Theorem 24 . It follows, using Proposition 11, that if G is an arbitrary non-abelian locally solvable Ž . J-group, then G is solvable, dl G F 3, and either GЈ is of prime order or Ž . G is locally finite Corollary 25 . These results are also true if we replace Ž . the word ''solvable'' by ''locally graded'' Corollary 27 . Moreover, it follows from Theorem 24 that if G is a finitely generated infinite non-abelian group, then G is a nilpotent 
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. n is a sufficiently large fixed odd number n ) 2 и 10 will do , then there exists a countable 2-generator simple group G containing A, such that every proper subgroup of G is either cyclic of order dividing n or is conjugate to a subgroup of A. So if we take for A an arbitrary non-cyclic finite or countably infinite abelian group, then G will be a Tarski Super Monster, but not a Tarski Monster.
We conclude this introduction with a description of our notation. A group is called a Dedekind group if all its subgroups are normal. A non-abelian Dedekind group is called a Hamiltonian group. A group G is called locally graded if each finitely generated subgroup of G has a Ž .
and Z G denote the center, the ith center, and the hypercenter of G, ϱ respectively. The derived length of a solvable group G will be denoted by Ž . Ž . dl G and the class of a nilpotent group G will be denoted by cl G . The Ž .
A in G and A G denotes the normal closure of A in G. The set of elements Ž . of finite order in an infinite group G will be denoted by T G . If x, y g G w x y1 y1
Ž . then x, y s x y xy. If G is a finite group, then G denotes the set Ž . of primes which divide the order of
The generalized quaternion group of order 2 will be denoted by Q . The authors are grateful to Professors A. Yu. Ol'shanskiı and Johň Wilson for their helpful remarks and suggestions.
II. PROPERTIES OF FINITE J-GROUPS
In this section G denotes a finite group. First we show that finite J-groups are solvable. THEOREM 1. If G g J then G is sol¨able.
< <
Proof. By induction on G . If all maximal subgroups of G are nilpotent, then either G is nilpotent or by the Schmidt theorem G is solvable. So we may assume that G possesses a non-nilpotent maximal subgroup M.
² : Ž² :. Proof. If all the Sylow subgroups of G are Dedekind then G is Dedekind and G g J. Suppose, now, that all Sylow subgroups of G belong to J and exactly one of them, say P, is non-Dedekind. Then G s P = H Ž< < < <. with P , H s 1 and H is a Dedekind group. Let x g G and suppose ² :
x . Then x s yz and g s ph, G ² : ² : ² : ² : where y, p g P and z, h g H, and x s y = z . As z 1 G, we ² : Ž² :. conclude that y U P and p g P y N y . Since P g J, it follows that P ² p : y, y 1 G and hence
In the other direction, suppose that P and Q are distinct non-Dedekind Sylow subgroups of G. Then there exist p g P and q g Q such that ² : ² : ² : ² : ² : p U P and q U Q and in particular p = q s pq U G. Let Ž² :. Ž² :.
The proof of Theorem 2 is complete.
Since the structure of Dedekind groups is known, it remains only to determine the structure of p-groups with the J property. Results in that direction will be proved in Section III.
From now on in this section we shall assume that G denotes a nonnilpotent finite group. First we investigate system normalizers of such J-groups. 
and hence D is a maximal subgroup of G, which is abnormal in G.
As a consequence of Proposition 3 we obtain COROLLARY 4. Let G g J and let D be its system normalizer. Then:
Ž . Ž . claimed in 2 . It follows that P 1 D, whence D j N P : N P and
Ž . by 1 and the maximality of D in G we conclude that
Ž .
We can now describe the structure of GrZ G for finite non-nilpotent ϱ J-groups G. In Proposition 11 of Section III it will be shown that for such Ž . Ž . 
Proof. Since GrZ G is non-nilpotent and belongs to J, we may
Ž . D s Z G s 1 and by Corollary 4 G s DP for some P g Syl G ,
Since D is maximal in G, hence P is an elementary abelian minimal
Frobenius group with the kernel P and a complement D.
As G is Frobenius with the kernel P, we have < < reached a contradiction. So D is odd. Since D is a nilpotent Frobenius complement, it follows that D is cyclic.
< < It remains to be proven that D divides p q 1. First we show that each element of D ࠻ acts irreducibly on P. Let x g P ࠻ and suppose that
neither P F T nor T F P, contradicting the fact that T is a normal subgroup of the Frobenius group G. Thus D is a cyclic group and each ࠻ < < element of D acts irreducibly on P. Let r be a prime divisor of D and ² : let u g D be of order r. Then u acts irreducibly on P and hence it is an Ž . w x irreducible cyclic subgroup of GL 2, p . By Theorem 9.4.3 in 7 we conclude that r divides p 2 y 1, but not p y 1. Hence r divides p q 1. As < < 2 < < D is of odd order and divides p y 1, it follows that D divides p q 1, as claimed.
We can now completely characterize finite non-nilpotent groups with a trivial center. 
Proof. If G g J and Z G s 1, then G is as stated by Theorem 5. So suppose, now, that G is a Frobenius group with the stated properties. Ž .
and V s x, x s U, U is a Frobenius group with the kernel P l V.
< < Since D divides p q 1 and is of odd order, we must have P l V s P, so P F V and V eG, as required. So assume that A s U l P / 1. Then, as
Thus G g J in all cases and the proof is complete.
G

III. PROPERTIES OF FINITE p-GROUPS BELONGING TO J
In this section G denotes a finite group and p denotes a prime. First we ² : ² :
G ᎏ From now on in this section, unless specified otherwise, G denotes a finite p-group belonging to J. The case of a g G of order p is of special Ž² :. Ž . ² :
and it follows that a s a = a for each g g G y Ž .
We have seen that if G g J is a p-group and a g G is of order p, then Ž . Ž² :. C a s N a is a normal subgroup of G of index 1 or p. We shall G G prove now that if a is any element of a p-group G belonging to J, then < Ž² :.< Ž² :.
G s p and hence a contains p q 1 maximal subgroups. Each maximal ² : < Ž² :.< subgroup contains at most one conjugate of a , so G : N a F p q 1,
In particular, we always have N a eG.
Ž . The bounds 4 and 5 are the best possible.
Ž .
Proof. By definition Norm G is a Dedekind group, so it is abelian if w x p ) 2. If p s 2, then by Theorem 6.5.1 in 2 either G is Hamiltonian or Ž . Ž . Norm G is abelian. This proves 1 . If a g G, then by Proposition 9 either Ž² :.
Ž . cl G F 3. Thus 2 and 4 hold. If G is not Hamiltonian, then ⌽ G is Ž . Ž . < Ž .< Ž . abelian by 1 and 2 . If G is Hamiltonian, then ⌽ G s 2, proving 3 Ž . Ž . Ž . and 5 . Since Q g J, the bounds 4 and 5 are the best possible. 16 We are ready now to determine some basic properties of an arbitrary finite J-group.
Ž . and dl G F 3. These results are the best possible.
Ž 
and by 1 we get
Since GЈ is abelian, we may conclude that exp GЈ F p . Ž . s a и a s a a, g for some i g Z, whence a s a, 
We are now ready to prove our complete result concerning the exp GЈ . Ž . If p ) 2 then exp GЈ s p
Proof. By Theorem 14 it suffices to prove the former claim. By Corol-< < 2 < Ž .< 3 lary 18 either GЈ F p or GrZ G s p , so we need only to prove that Ž² :.¨² : ² : for some u,¨g ‫ޚ‬ and since a g N g , we get a g a l g s 1. 
n Otherwise x, y g Z G for every x g G of order p and for every Ž . Ž ny 1 Ž ny 1 .. 
and since a, b e u G, we get a, b, b , a, b, a g a . Write a l b s b , replacing b Thus GrM is a Dedekind group and is hence abelian since p ) 2. The proof is complete.
² : ² :
Ž .
We begin with the following basic THEOREM 24. Let G be a finitely generated infinite non-abelian group.
Then G is a sol¨able J-group if and only if GЈ is of prime order.
Proof. If GЈ is of prime order, then G is solvable and G g J, as shown in Section I. So it suffices to show that if G g J is a finitely generated < < infinite solvable non-abelian group then GЈ is a prime. Our first claim is that G is polycyclic. This is obvious if G is abelian and by induction on the derived length of G we can assume that there exists a normal abelian subgroup B of G with GrB polycyclic. Thus GrB is finitely presented w x and by Lemma 1.43 in 6 B is finitely generated as a G-module, i.e., ² :
. . , n we have either consequently CЈ F p . Thus G is finite-by-abelian-by-finite and being finitely generated, G is abelian-by-finite, as claimed. Our next step is to show that G is central-by-finite. Since G is abelianby-finite, there exists DeG which is abelian of finite index, such that Since G is central-by-finite, GЈ is finite and all elements of G of finiteProof. Suppose, first, that G is finitely generated. Then G is solvable.
Ž . If G is finite, then dl G F 3 by Proposition 11. If G is infinite, then Ž . dl G F 2 by Theorem 24. So for finitely generated solvable J-groups we Ž . have dl G F 3. Now let G be an arbitrary locally solvable J-group. Since the third derived subgroup of G is generated by those of its finitely generated subgroups, it follows that the third derived subgroup of G is Ž . Ž . Ž . trivial, whence G is solvable and dl G F 3. Thus 1 and 2 hold.
Suppose, next, that G is a torsion group and let N be a finitely Ž . generated subgroup of G. By 2 it suffices to prove that N is finite. Suppose that N is infinite. Then N is non-abelian and by Theorem 24 NЈ is of prime order. But NrNЈ is finite and hence N is finite, a contradic-Ž . tion. So 3 also holds.
Suppose, now, that G is not a torsion group and let x g G be of an infinite order. Then each finitely generated subgroup of G can be embedded, by adding x to it, in an infinite finitely generated subgroup of G, whose derived subgroup is either trivial or of prime order by Theorem 24.
< < Ž . It follows that also GЈ is either 1 or a prime, as claimed in 4 .
Ž . Ž . Finally, 5 follows immediately from 4 .
Similar results may be obtained for locally graded groups.
COROLLARY 26. Let G be a finitely generated infinite non-abelian locally < < graded group. Then G g J if and only if GЈ is a prime.
< <
Proof. If GЈ is a prime, then G g J as shown in Section I. So it suffices to show that if G g J is a finitely generated locally graded < < non-abelian infinite group then GЈ is a prime.
Let R be the solvable residual of G. Then GrR is solvable, since by Corollary 25 a finitely generated solvable group in J has a bounded derived length. Also GrR is polycyclic by the proof of Theorem 24. Hence, since G g J, arguing as in the proof of Theorem 24, we conclude that R is finitely generated. Assume that R / 1. Since G is locally graded, there exists N 1 R, N / R, such that RrN is finite. Since R is finitely generated, we may assume that N is characteristic in R, whence N eG. Now ᎏ RrN g J is finite, so it is solvable and hence GrN is solvable, contradict-< < ing the choice of R. So R s 1 and G is solvable. By Theorem 24 GЈ is a prime, as claimed.
COROLLARY 27. Let G g J be a locally graded group. Then the following hold:
Ž . 1 G is sol¨able and dl G F 3. Ž . hence W : Z G . Since G is non-nilpotent and X ; W, it follows that 3 
Ž . 2 If G is a torsion group then it is locally
< < < < that LrY s KrX . Since X s K l Y, we get L s KY. Now G is the
Ž .
GrZ G is a finite non-nilpotent J-group with a trivial center, and hence 3 is a Frobenius group of the special type described in Theorem 5.
V. ON NON-SOLVABLE INFINITE J-GROUPS
In order to describe the non-solvable infinite J-groups we must introduce and investigate a generalization of Tarski's Monsters. Ž . 1 G is generated by two elements.
Ž . 2 E¨ery proper subgroup of G is contained in a maximal subgroup of G.
Ž .
3 Two distinct maximal subgroups of G intersect tri¨ially.
Ž . 4 G contains no in¨olutions.
Proof. Since G is an infinite simple group, it contains two non-commut-² : ing elements u and¨. By the definition of a TSM, G s u,¨. Thus G is finitely generated and hence each proper subgroup of G is contained in a maximal subgroup of G.
Let M be a maximal subgroup of G and let x . Then x, x is a non-trivial G subgroup of H which is normal in G. Since H is generated by such ² a : subgroups x, x , it follows that H 1 G. Thus each subgroup of G is either nilpotent of class 3 at most or normal in G. Since G is non-solvable, not all subgroups of G are nilpotent of class 3 at most.
Let H be a non-nilpotent subgroup of G and let H F K. Then K is also non-nilpotent, so it is normal in G. It follows that all subgroups of G containing H are normal in G, whence GrH is Dedekind. Let N be the intersection of all non-nilpotent subgroups of G. Since the factor group over each non-nilpotent subgroup of G is nilpotent of class 2 at most, GrN also is nilpotent of class 2 at most. Hence N is non-nilpotent, since otherwise G would be solvable. It follows that GrN is Dedekind.
By the definition of N, each subgroup of G not containing N is nilpotent. In particular, each proper subgroup of N is nilpotent. If N is not finitely generated, then it is locally nilpotent and hence nilpotent by Corollary 29, a contradiction. Thus N is finitely generated and it has maximal normal subgroups. Let K be a maximal normal subgroup of N. Then K is nilpotent and therefore NrK is not finite, since otherwise it would follow from NrK being a J-group that NrK is solvable, implying that N and hence G are solvable, a contradiction. Thus NrK is an infinite simple J-group, which is a TSM by Theorem 32. Let M be a maximal subgroup of N. Then M is nilpotent, so MK is solvable and hence MK is a proper subgroup of N. It follows by the maximality of M that MK s M, Ž . yielding K F M. Thus K F ⌽ N and by the maximality of K we get Ž . K s ⌽ N . Since NrK is a TSM, it follows by Proposition 31 that it is 2-generated and hence so is N.
Ž . Since K s ⌽ N and NrK is simple, it follows that if Re N then x . Our aim is to reach a contradiction, which will complete N ² g : the proof of the theorem. Since G g J, we know that Q s x, x e N and ᎏ Q F K since x g K. Thus Q is a finitely generated nilpotent group, so it is w x polycyclic and hence residually finite. By a theorem of Baumslag 1 the Ž . automorphism group of Q is residually finite. Hence NrC Q is residu- 
Ž .
Proof. Suppose, first, that G g J and let Z s Z G . Then by Theorem Ž . 33 GrZ is a TSM and ⌽ G s Z. Let A be a proper subgroup of G and
